ODE Lecture Notes, Part II, for Fall Semester 2024

Revised on 2024-10-19

Remark 0.1 This is the second part for my 2024 fall semester ODE course.

Remark 0.2 This note is based on the textbook "Elementary Differential Equations € Bound-
ary Value Problems, 10th Edition" by Boyce € DiPrima. However, I will not follow the
book exactly. Lecture notes will be given to you via email whenever necessary.

1 Second order homogeneous linear equations with con-
stant coefficients (this is Section 3.1 of the book; see p.
137).

We say equation y” = f (t,y (), (t)) is a linear second order ODE if f (¢,y,v’) is linear in
y and ¢’ (but not linear in t), i.e., if

ftyy)=at)+b(t)y+ct)y

for some functions a (t), b(t), ¢(t). In conclusion, a linear second order ODE can be written in
the standard form as

y't) +pt)y ) +q@)yt)=9g@), tel (1)

where p (t), ¢(t) and g (t) are given continuous functions (this is minimal requirement) defined
on some common interval I.
We say equation (1) is homogeneous if ¢ (¢) = 0 everywhere, i.e., we have

y' () +p @)y () +a@)y ) =0, tel. (2)

Otherwise we say equation (1) is nonhomogeneous.
Sometimes we write a linear second order ODE in the more symmetric form:

Pt)y" ) +QM)y () +R(Hy() =G(t), tel (3)
where P (t), Q(t), R(t), G (t) are continuous on I, with P (¢) # 0 on I.

Theorem 1.1 (Existence and uniqueness.) Consider equation (3), where P (t), Q(t), R(t), G (t)
are continuous on I, with P (t) # 0 on I. We have the following properties:

1. Any solution y (t) to equation (3) is defined on the whole interval I. Note: Since equation
is of second order, by definition, y (t) must be C* on I.

2. We have existence and uniqueness resull for equation (8) with the initial condition
y (to) = vo, Y (to) = 20, (4)

where ty € I and yg, zo are two given arbitrary numbers. Uniqueness means that any two
solutions y1 (t) and ys (t) defined on I and satisfy the same initial condition (4) must be
tdentical on I.



Proof. We will not prove the theorem in detail. You can look for it from some ODE textbook. Roughly
speaking, if we write the ODE in the form

y'=f(ty.y),
then the function f (£,u,v) is defined on the domain D = I x R x R ¢ R* and is given by

ftu,v) = ggg — gg;v— gg;u, P(t)#0onlI, (tu,v)eD.

f (t,u,v) is continuous on D and for a given initial condition (4), it is Lipschitz continuous with
respect to (u,v) near the point (tg,yo,20) € D, i.e. there exist some open set D C D containing
(to, Yo, 20) and a constant K > 0 such that

| (tur,01) = f (£ u2,00)] < K J(ug, 01) = (ug,v2)], ¥ (fug,v1), (tug,01) € D CD.

Therefore, similar to the case of a first order ODE 2/ = f (¢, x) , we have existence and uniqueness
result. 0

Remark 1.2 (Important.) In the above theorem, the condition P (t) # 0 on I is essential. If
P (ty) = 0 for some tg € I, then a solution y (t) to equation (3) may or may not be defined on
the whole interval 1. For example, the general solution of the Euler equation (we will learn how
to solve it later on)
Py () +ty () +y(t) =0, te€ (—o0,00)
18
y (t) = Cicos (log [t|) + Cysin (log |t]), t € (—o0,0) U (0,00),

which cannot be defined acrosst = 0. On the other hand, the general solution of the equation (we
will learn how to solve it later on)

(t=1)y" () —ty' (t) +y(t) =0, e (-00,00), (5)

18
y(t) = Cit + Coe', t € (—00,00). (6)
We see that, surprisingly, any solution y (t) of (5) can be defined acrosst = 1.

Another two important properties are:

Lemma 1.3 Consider the homogeneous linear equation (it means that the right hand side of the
equation is zero)

Pt)y" () +Q 1)y (1) + Ry () =0, tel, (7)

where P (t) # 0 on 1. Ify; (t) and ys (t) are both solutions to (7) on I, so is the linear combination
c1yr () + caya (t) for any constants ¢; and cs.

Remark 1.4 Hence the solution space has a vector space structure.
Proof. This is a simple exercise. [l

Lemma 1.5 Consider the nonhomogeneous linear equation (it means that the right hand side of
the equation is nonzero)

Pt)y" () +Q@)y (1) +RM)y(t)=G(t), tel, (8)



where P (t) #0 on I. If y; (t) and yz (t) are both solutions to (8) on I, then ys (t) can be expressed
as

yQ(t):yh<t)+yl(t)’ tel,
for some function y, (t), which is a solution of the homogeneous equation (7) on I. Therefore,
the general solution y, (t) of (7) on I is given by

vy () =y (t) +y, (t), tel, (9)

where y, () is some particular solution of (8) on I (y,(t) has no integration constant) and
yn (t) is the general solution of the homogeneous equation (7) on I (yp (t) has two integration
constants).

Proof. Just let y () = y2 (t) — y1 (f) and see that y (¢) is a solution of the homogeneous equation.
0

Solving a linear equation of the form (3) can be very difficult. Hence we first focus on the
homogeneous case with constant coefficients. That is, equation of the form

ay” (t) + by’ (t) + cy (1) = 0 (10)

where a, b, ¢ are real constants, a # 0. By Theorem 1.1, we know that any solution y (¢) of (10) is
defined on (—o0, ).
The following observation is useful: if we try y () = €™ in (10), we will get

ay” (t) + by’ (t) + cy (t) = (ar® +br +c) ™. (11)

In particular, if the number r satisfies ar? + br + ¢ = 0, then y (t) = €™ will be a solution of (10).
In most cases, the equation ar? + br + ¢ = 0 has two distinct roots 71, 7. By this, we can obtain
the following result:

Theorem 1.6 Assume that the polynomial equation (call it characteristic equation of the dif-
ferential equation)
ar? +br+c¢=0, a#0, a, b ceR (12)

has two distinct real roots r1, ro. Then the general solution y (t) to equation (10) is given by
y(t) = cre™ + e, t € (—o0,00), T1#To (13)
for arbitrary constants ¢y, ¢ € (—00,00) .

Proof. It is easy to check that (13) is a solution to (10) defined on t € (—o0,00). On the other
hand, we need to show that any solution y (¢) of (10) is defined on (—o00, c0) and has the form (13)
for some constants c¢;, co. There are two ways to prove this.

Method 1: Use the existence and uniqueness theorem.

Pick a fixed ty € I. Assume g (t) is a solution of (10) with 7 (¢y) = yo and ¢’ (tg) = zo for some
Yo, Zo- Theorem 1.1 says that it must be defined on t € (—00, c0) . Moreover, by linear algebra, one
can find unique constants ¢; and ¢, satisfying

c1ef 4 cpe™l0 = yq
(14)
c1m1e1 + corae™io = 2
due to
erlto 61”2750 ( :
_ r1+r2)to
. . = (rg —r1) e #£0, 1 #rs.
rie1t  pyel2to




Therefore, the solution y (t) = c1e™" + coe™", t € (—00,00), also satisfies y (ty) = yo and v’ (to) =
2p. By uniqueness property in Theorem 1.1, we must have ¢ (t) = y(t) = cie™" + €™ for all
t € (—00,00).

Method 2: Decompose the second order ODE (10) into two first order ODE.

Remark 1.7 This method is under the condition that the characteristic equation of the ODE
has two real roots ri, ry. Otherwise, we may have to look at complex solutions of the ODE (we
will avoid them in this course).

For convenience of notation, we let D denote the differential operator d/dt. We can write y' (¢) as
Dy (t) and write y” (t) as D (Dy (t)) or D*y (t). Now we can write (10) as

ay" (t) + by’ (t) +cy (t) = (aD* +bD +¢) y (t) = 0.
We have:

Lemma 1.8 (Decomposing second order ODE into two first order ODE.) Let a, b, c be real
constants with a # 0. If ry, ry are two real roots (repeated or not) of the polynomial aD*+bD+c =
0, then we have

(aD?> +bD +c)y(t) =a(D —r)w(t), (15)
where
w(t)=(D—r2)y(t). (16)
Proof. We have

a(D—=r)w(t)=a(D—=r)[(D=r)y®)] =a(D—r)y ) —ry®)

-~

=a|D(y @) —ry ) —ri(y (¢) —r2y (t))| = aly" () —r2y’ (t) — 11y’ () + 1172y (t)]

-~ -~

=aly” (t) = (r+r2)y' () + riray ()] = ay” (1) + by’ (1) + ey (1) ,

where we have used the identity r1 + ro = —b/a, 1y = ¢/a. O
Back to the proof of Theorem 1.6:
If r, # 7y are two real roots of ar? 4 br 4+ ¢ = 0, then we have
0=ay" (t)+by (t) +cy(t) =a(D—r)w(t), wherew (t)=(D—r)yl(t).

Hence w (t) satisfies the first order equation a (D — r;) w (t) = 0 and its general solution is given
by w (t) = Ae™*, X € R. But since w (t) = (D — rq9) y (t) , we need to solve y (t) satisfying

(D —19)y(t) = ™" (same as 3/ (t) — oy (1) = Ae™").

The general solution for y () is

y(t) :efT'th {/( /- rgdt/\erlt dt—i—C} { (rl—rz)tdt+c«}

A
:er2t{ elr—ra)t +C} (7“1 TQ):C r1t+02€ t tE(—O0,00>

ry—7T2

for some constants c;, c;. Hence we see that any solution y (f) to equation (10) is given by (13).
The proof is done. O



Remark 1.9 In case there are initial conditions for ODE (10), given by

y (to) = vo, ¥y (to) = 20,
then one can always solve for c; and co to fulfill them. We need to solve the system
cre"h 4 et = gy
{ c1r1e70 - corge™to = 2.
Since the coefficients determinant is nonzero, given by

rito rato

€ €

= (7“2 - 7“1) €(T1+T2)t0 7é 0, m 7é T2,

r1to rato

rie ro€

we can solve for ¢; and co uniquely.
Similarly, we have:

Theorem 1.10 Assume that the characteristic equation

ar?4+br+c=0, a#0, a, b, ceER (17)

has two repeated real roots ry = ry (call it r). Then the general solution y (t) to equation (10)
s given by
y(t) = cre” + cote”™, t € (—o00,00) (18)

for arbitrary constants ¢y, c3 € (—00,00).

Proof. We use the above Method 2 to prove it. It is easy to check that any function of the
form (18) is a solution of equation (10) (you need to use the fact that 2ar +b =0, i.e. r = —b/2a).
On the other hand, if y () satisfies (10), then by

O=ay" (t)+by (t)+cy(t)=a(D—r)w(t), wherew(t)=(D—r)y(t),
we see that w () must have the form w (t) = Ae’, A € R. Hence y (t) must satisfy
(D —r)y(t) =A™

This implies
y(t) _ efrdt {/ (effrdt)\ert) dt—i-C} — et ()\t—l-C) _ Clert_|_c2tert, te (—O0,00)

for some constants ¢y, ¢o. The proof is done. O
Remark 1.11 In case there are initial conditions given by
y (to) = vo, ¥y (to) = 20,
then one can always solve for c; and co to fulfill them. We need to solve the system
c1€"0 + cotge™™ =y
{ crre™ + ¢y (1 4+ 1tg) €0 = 2.
Since the coefficients determinant is nonzero, given by

6rto toerto
=¥ £ 0 for any to,

re’ (1 +rty) e

we can solve for ¢; and cs uniquely.



To go to the last case (two complex conjugate roots r = a + i3, 7 = a — if3), we first need
the following;:

Lemma 1.12 The general solution of the equation (a =1, b=0, c=1)

y' (t)+y(t) =0 (19)

s given by
y(t) = cicost + cysint, t € (—o0,00), (20)

for arbitrary constants ¢y, ¢ € (—00,00).

Proof. We already know that, for arbitrary constants ¢;, ¢y, (20) is a solution of equation (10). It
remains to claim that any solution of (19) on (—o0, 00) has the form (20). Let Y (¢) be any solution
of (19) on (—o0,00) with Y (0) = a, Y'(0) = b. We can choose ¢; = a, ¢ = b in (20) and the
solution y (t) = acost+bsint also satisfies y (0) = a, ¥’ (0) = b. By uniqueness property in Theorem
1.1, we must have Y (t) = y (¢) for all t € (—o0, 00). Hence the general solution of (19) is given by
y (t) in (20). The proof is done. O

Now we come to the last case for the equation (10):

Theorem 1.13 Assume that the characteristic equation
ar? +br+c¢=0, a#0, a, b ceR (21)

has two complex conjugate roots r = a+13, r =a —if, a, B € R, 3> 0. Then the general
(real) solution y (t) to equation (10) is given by

Yy (t) = c1e™ cos Bt + cpe®'sin Bt, t € (—o0, 0) (22)
for arbitrary constants ¢y, ¢z € (—00,00) .
To prove the above theorem, we first note the following "change of variables" trick:

Lemma 1.14 Consider the equation
ay” (t) + by (t) + cy () =0 (23)

where a, b, ¢ are real constants, a # 0 (we assume a > 0). Then one can find a function of the
form v (t) = ey (t) for some constant A € R so that the equation for v (t) is given by

av” (t)+ Bv (t) =0 (24)

for some number B. More precisely, if we choose A = = in v (t) = eMy(t), then equation (23)
becomes

av” (t) + <4“—_62) v(t) =0, wv(t)=elE)y ) (25)

4qa

and if the characteristic equation ar® + br + ¢ = 0 of the ODE has two complex conjugate
T00ts
r=a+if, T=a—1i8, « BER, [B>0, (26)

then
A=—a, B=ap> (27)

In such a case, equation (25) becomes (after cancelling a)

V" (t) + B (t) =0, where now v (t) =e *y(t). (28)



Proof. Let v (t) = e My (t), where the constant ) is to be chosen later on, we have y (t) = e *v ()

and then

0=ay" (t)+by (t)+ cy(t)

=a[Ne M (t) — 2 MV (t) + e M ()] + b [=Ae Mo (t) + e M (8)] 4+ ce Mo (t).

Therefore, we have
a [N (t) = 20" (t) + 0" ()] + b[—A v (£) + v/ (¢)] + cv (¢) = 0,
which is the same as

av” (t) 4+ (b—2Xxa) v’ (t) + (N2a — Ab+¢) v (t) = 0.
~———

If we choose A = b/ (2a), we get

b\ b dac — b
b—2Xa =0, (%> a—<%)b+c— o

and the equation (29) for v (t) becomes

which gives the equation (25).
If the two characteristic roots are given by (26), we have

b+ Vb2 -4 —b V4dac — b?
atiff = ac(b2—4ac<0), o= —, B:L>O,
2a 2a 2a
and b A 2
ac —
= — = — B = = 2.
A 2a % 4a af

Under (31) the equation (28) follows. The proof is done.
Lemma 1.15 Consider the equation
V" (t) + B2 (t) =0, B >0 is a constant.
Its given by is given by
v (t) = c1cos (Bt) + epsin (Bt), t € (—o00,00),

for arbitrary constants ¢y, co € (—00,00).

(29)

(30)

(31)

(32)

(33)

Proof. Again we can use a "change of variables" trick as before. Let Y (s) be the function satisfying

Y (Bt) =wv(t) (same as Y (s) =v (%)) By the chain rule we have

v (t) = BY'(s), ' (t)=p*Y"(s), wheres=pSt
and, in terms of Y (s), the equation (32) becomes

B2Y" (Bt) + B*Y (Bt) = 0 (same as Y (s) + Y (s) = 0)



and by Lemma 1.12 we know that the general solution for Y (s) is given by
Y (s) =cicoss+ casins, s € (—o00,00)

for arbitrary constants ¢, ¢ € (—00,00) . Hence the general solution for v () is given by (note that
the solutions of Y () are in one-one correspondence to v (t))

v(t) =Y (s) =c1coss+ casins = ¢ cos (ft) + cysin (Bt) .
The proof is done. O

Now we are ready to prove Theorem 1.13:

Proof. Consider the equation (10) with r = o+ i and ¥ = a — i3, § > 0, as its characteristic
polynomial. By Lemma 1.14 and (27), the function v (t) = e~y (t) is given by

v (t) = c1 cos (Bt) + cosin (5t) .
Therefore, the general solution for y (¢) is given by
y (t) = e v (t) = c1e™ cos (Bt) + e sin (Bt), t € (—00,00). (34)
The proof of Theorem 1.13 is done. 0

Remark 1.16 Again in case there is initial conditions for ODE (10), given by

y(to) =0, Y (to) =20
then one can always solve for c; and co to fulfill them. We need to solve
c1e cos Sty + cpe® sin Sty = yo
{ c1 (e cos Btg — Be™ sin Bty) + ¢ (e sin Bty + Se™® cos Sto) = yj
and the coefficients determinant is nonzero, given by

et cos fBty e sin Bt
= pe* £ 0 for any to,

ae cos Sty — Be sin Bty e sin Sty + Bee cos Bty

due to 5 > 0.
At this moment, we can summarize the following:
Theorem 1.17 The ODE with tnitial conditions:
ay" (£) + by’ (1) + ey (£) = 0
(35)
y (to) = yo, ¥ (to) = 20,

where a, b, ¢ are real constants with a # 0, has a unique real solution y (t) defined on (—oo,c0) .
Moreover, we know how to find the general solution explicitly.



1.1 Euler equations (this is Exercise 34 in p. 166).

In this section, we consider a second order linear equation (with variable coefficients) of the
form (call it Euler equation)

2" (t) +aty (t) + By (1) =0, te€(0,00), a, B constants. (36)

One can use change of variables to convert it into a linear equation with constant coeffi-
cients. Let z = Int, t € (0,00), (same as t = €”), where x € (—00, 00) will be the new variable. The
function y (¢) will become a function of x, which we denote it as ¢ (z). That is, § (z) = y (t) . We

have
dy _djdz _dgl _ _,dy

dt ~drdt  det * da’ (37)
which is same as the following operator relation
d _,d d ; d
it~ dz 7 dn dt
~—_— ~
and d? d dy dy d*g
) —x _z a4y —2x Y —2z )
LA S —Z ) = = —, 38
az ~ ¢ dx (e dm) S P e (38)

Hence we obtain

y" (t) + oty' (t) + By (t), where t = €

dy d*y dy
— % (—e_%% + e_hd_acz) + ae” <6_$£) + By (x)
d%y dy

:d—x‘qu(oz—l)ﬁqLﬂgj(x), r=1Int € (—oo0,00), te€(0,00)
and, in terms of the new variable x, the function ¢ (x) will satisfy the linear equation with constant
coefficients: 2 i

) Y -
— —-1) = = 0. 39
L a-1 L 8@) (39)

One can solve 7 (x) for equation (39) on the interval € (—o0, 00) and then obtain solution y (t) for
equation (36) on the interval ¢ € (0, 00).

Remark 1.18 In case the Fuler equation has the form
At*)" (t)+ Bty' (t) + Cy (t) =0, te€(0,00), A#0, B, C are constants,
then equation (39) becomes
d*y g -
A—+(B—A)%+Cy(x):0. (40)

da?

Remark 1.19 (Important.) In case we focus on the Euler equation on the domain t € (—o0,0),
then on t € (—o00,0) we do the change of variables:

xT

x=log(—t), t=—€" te(—00,0), z€(—00,00),
and get (still let §(x) =y (t))

dy _dgde dgl _ _.dy
dt  dedt drt  dx



and

ez dx de ) dx dx

dy d?y
. _eme_y —2x

= te (same as the case t > 0).

Therefore

t2y" (t) +aty (t) + By (t), where nowt = —e” € (—00,0)

5, dY o, A% . dy _
2z 2x 2z x T
— ( © e dx2> a (=€) < N By (@)

=—+(a—-1)—=4+py(x), x=log(—t)€ (—o0,00), te€(—0,0),

and we have arrived at the same equation as in the case t € (0,00).
We can summarize the above as the following:

Theorem 1.20 (General solution of Euler equation.) Consider Euler equation of the form
(be aware that the coefficient in front of t*y" (t) is 1)

2" (t) + oty (t) + By (t) =0, te(0,00), «, B constants, (41)
where we focus on t € (0,00). Let 11, 9 be the two roots of the characteristic equation
P+ (a-1)r+p8=0 (42)
of the equation (39) for §j(x). Then the general solution of (41) is given by
ct™ +cot™, r Fry €R,
y(t) =< at’ +cot"logt, m=ry=r€R, (43)
c1tP cos (qlogt) + cotP sin (qlogt), ri=p+iq, reo=p—iq, p, € R, q>0,
where t € (0,00) and ¢y, co are two arbitrary real constants. Also note that we have

—(a—1)++/(a—1)>—43

5 i=1, 2 (44)

Ty =

Remark 1.21 We call the polynomial equation (42) the characteristic equation of the Euler
equation (}1).

Remark 1.22 By Remark 1.19, in case we focus on t € (—00,0)J(0,00) for the Euler equation
(41), then the solution formula (43) becomes

C1 |t|T1 + Co ’t|T2 , Tt 7é T2 (- R,
y(t) =< clt]" +c|t| loglt|, 11 =ra=r€R,

c1 |t|P cos (qlog |t]) + co |t sin (qlog [t]), r =p+iq, mTe=p—iq, p, ¢€R, ¢>0.
(45)

Example 1.23 (This is problem 35, p. 166.) Find the general solution of the Euler equation

t2 (t) +ty (t) +4y(t) =0, te(0,00). (46)

10



Solution:
By the change of variables x = logt, t € (0,00), the new equation for § (z) is
" (x) + 43 (x) = 0,

which has general solution

g (x) = ¢y cos(2) + cosin (22), x € (—o00,00).
Back to y (t) , we get
y (t) = cicos(2logt) + casin (2logt), t € (0,00),

which is the general solution of the Euler equation. Here ¢; and ¢y are arbitrary constants. U

2 Theory of second order linear homogeneous equation with

variable coefficients; the Wronskian (this is Section 3.2
of the book).

Remark 2.1 (Be careful.) Throughout this section, we will focus on equation (48), which has
leading coefficient 1 for y” (t) .

In this section we look at a second order linear homogeneous equation with variable coefficients
of the form

POy () +QM)y () +R(H)y(t)=0, tel (47)

where P (t), Q(t), R(t) are real-valued continuous functions on I, with P (¢) # 0 on I. For
convenience, we can divide the equation by P (¢) and it becomes

y' () +p @)y () +q@)y(t)=0, tel, (48)

where p (t), ¢ (t) are continuous on /. By Theorem 1.1, we know that if we have initial conditions
y (to) = yo, ¥ (to) = 2o, for equation (48), where tq € I and yg, 2o are two given numbers, then the
solution y (¢) exists, unique, and is defined on the whole interval I.

Unlike the case of constant coefficients, it is, in general, very difficult to solve equation (48).
However, we can ask the following interesting question: if y; () and ys (¢) are two known solutions
of (48) on I, is it true that any other solution y (t) of (48) can be expressed as

y(t) =ciyr (t) +conp(t), VtEel, (49)

for some constants ¢; and 7 If yes, then the general solution of (48) on [ is given by (49).
To answer the above question, we need the concept of Wronskian, defined by the following:

Definition 2.2 Consider the ODE (homogeneous with leading coefficient 1)
yV'+p@)y +qt)y=0, tel, (50)

where p(t), q(t) are continuous functions defined on open interval I. If yi (t) and yo (t) are two
solutions on I, then the function

W ) = | 20 20 <000 - Ok @), ter,

is called the Wronskian of y1 (t) and ys (t) on I. We usually denote W (y1,y2) (t) as W (t) if there
18 mo confusion appeared.

11



Remark 2.3 In the above definition, the coefficient of y” (t) is 1. From now on, when we
talk about the Wronskian W (y1,y2) (t) of two functions yy (t) and y2 (t) on I, we always assume
that yy (t) and ys (t) are two solutions of the ODE (50) on I unless otherwise stated.

The following theorem implies that the Wronskian W (y1,y2) (t) of two solutions on I is either
everywhere zero or everywhere nonzero on I. More precisely, we have:

Theorem 2.4 (Abel’s formula for homogeneous equation.) (This is Theorem 3.2.7 in p.
154.) Consider the ODE (50) on I. If y; (t) and yo (t) are two solutions on I, then we have

Wy, 92) (1) = ce” IPO% e (51)
for some constant ¢ € (—o0, 00) .
Remark 2.5 Note that the ODE in (50) has leading coefficient 1 and is homogeneous.

Proof. For convenience, denote W (yy, y2) (t) as W (¢) . Compute

WIH(t) =1 () g (1) — w2 () 7 ()

=y () [=p () vz () —q () y2 ()] = 42 (1) [=p (B w1 (F) — q (£) w1 (¢)]

=—p Oy ) s () =y ()i (1) = —pOOW (1), tel
Thus W (t) satisfies the first order linear ODE

W' @t)+p&)Wi(t)=0, tel.
Hence it is given by
W (t) = ce PO e,

for some constant ¢ € (—o0, 00). O

Remark 2.6 If there is an initial condition W (y1,y2) (to) = co, then one can express (51) as

wW (yl’ y2) (t) = cpe fth p(s)ds. (52)
It satisfies
W () +p&)W () =0, W (o) =co, to, te€l.

Corollary 2.7 By (51), we see that W (t) is either W (t) = 0 on I (if ¢ = 0) or W (t) is never
zero on I (if ¢ #0). In particular, if W (to) = 0 at some ty € I, then W (t) = 0 everywhere on I.
If W (ty) > 0 at some ty € I, then W (t) > 0 everywhere on I. If W (ty) < 0 at some ty € I, then
W (t) < 0 everywhere on I. Here I is the domain interval of p (t) and q(t) in (50).

Proof. This is a direct consequence of Theorem 2.4. [l

Lemma 2.8 (The case when W (t) = 0 everywhere.) Consider the ODE (50) on I andy; (t) and
y2 (t) are two monzero solutions on I with W (ty) = 0 at some to € I, then we have W (t) = 0 for
all t € I and there exists a constant A # 0 such that ya (t) = Ayy (t) for allt € I.

Proof. We have
y1 (to) 2 (to) ‘
W (to) = W (y1,v0) (¢ , ; =0, toel,
) =W o= | 10 200 ’

which implies W (t) = 0 for all ¢ € [ and the two vectors vy := (y; (to),¥] (to)) and vy :=
(yo (to) , ¥4 (to)) are dependent in R?. Since y; (t) and y, () are both nonzero solutions on I, we
must have v; # (0,0) and vy # (0,0) (otherwise we get a contradiction). By linear algebra, we
know that vy = Avy for some constant A # 0, which gives

Y2 (to) — Ay1 (to) = 0, 5 (to) — Ay (to) = 0.

Since ys () — Ayy (¢) is also a solution of the ODE (50) on I, by uniqueness theorem, we must have
Yo (t) — )\yl()EOfralltE[.Theprooflsdone. O
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Remark 2.9 (Interesting property.) By Lemma 2.8 and its proof we see that if y; (t) and ys (t)
are two solutions on I with W (ty) > 0 at some ty € I, then we have W (t) > 0 for allt € I. In
particular, both are nonzero solutions on I and the two vectors

vﬂ0_<z§2>,vﬂﬂ_<£g;),tel (53)

form a basis in R? for allt € I. The same conclusion holds for W (to) < 0 at some to € I.
The most important theorem in this section is the following:
Theorem 2.10 (This is Theorem 3.2.4 in p. 149.) Consider the ODE (homogeneous)

Y +pt)y +qt)y=0 (54)

where p(t), q(t) are continuous functions defined on open interval I. If yi (t) and yo () are two
solutions on I, then the family of solutions

y(t)=cy (t) + ey (), tel, (55)

with arbitrary coefficients ¢y, ¢z, will generate all possible solutions of (54) on I if and only
if W (y1,y2) (to) # 0 at some tg € I (same as W (y1,y2) (t) # 0 for allt € I).

Proof. Assume W (y1,¥2) (to) # 0 for some ty € I. Then Remark 2.9 implies that both y; (¢) and
Y2 (t) are nonzero solutions and the two vectors {vy (), v ()} in (53) is a basis in R? for all t € I.
Let ¢ (t) be a solution of (54) on I with

¢ (to) =a, ¢ (to) =0.
One can find unique constants ¢; and ¢y such that

{ c1yr (to) + caya (to) = a
c1y (o) + cays (to) = b

@ww%qm@@+@w@@:(g))

Now the linear combination y (t) = ¢y (t) + coy2 (f) is a solution of the ODE on I with

y(to) =a, 1y (ty) =0.

Uniqueness implies that y (t) = ¢ (t) for all t € I.
Conversely, assume that every solution ¢ () of (54) on I can be expressed in the form ¢y, (t)+
coys (t) . Fix a time ty € I, for any solution ¢ (t) on I we have the vector identity

() =a(B) s (g)) —ant oo

for some constants ¢; and cy. Since the vector v (tg) = (¢ (to), ¢ (to)) can be arbitrary (due to
the existence of a solution ¢ (t) with ¢ (t9) = a and ¢’ (ty) = b for any a, b), the two vectors
{v1 (to) ,v2 (o)} in (56) must be a basis in R? and we have

(t

0
(to

which implies W (y1,y2) () # 0 for all ¢ € I. O

W) =W ) )= | ) 0 |0

By the above theorem, we define the following:
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Definition 2.11 Consider the ODE
V' +p®)y +q)y=0, p(t), q(t) continuous on I. (57)

If y1 (t) and yo () are two solutions on I such that W (y1,y2) (tg) # 0 for some ty € I (same as
W (y1,y2) (t) # 0 for all t € I), then the general solution of (57) on I is given by

y(t)=cay (t)+cy(t), tel,

where ¢y, co are arbitrary constants. In this case, we call {y; (t), y2 (1)} a fundamental set of
solutions of ODE (57) on I. Note that a given ODE on I has infinitely many fundamental set
of solutions on I.

Remark 2.12 If{y; (1), y2 (1)} is a fundamental set of solutions, the two vectors in (53) form
a basis in R? for allt € I.

Example 2.13 Given the linear equation

y' O +p 0y () +q@)y(t) =0, te (-0, 00) (58)

where p (t) and q (t) are continuous on the interval (—oo,00). Is it possible that both t and t* are
solutions (for some continuous p (t) and q(t) on (—o0,00)) to the equation on (—oo,00)? Give
your reasons.

Solution:

It is impossible. The Wronskian of ¢ and #? is

On the interval I = (—o0,00) we have W (t) = 0 at t = 0, but W (¢) # 0 for ¢t # 0. It violates
Theorem 2.4 0

Example 2.14 Find an ODE of the form

') +p®)y () +q®)y(t) =0, te(000), (59)

where p (t) and q (t) are continuous functions on the interval (0, 00) so that both t and t* are solutions
to the equation on (0,00) .

Solution:

Over the interval (0,00), we have Wronskian W (¢) = ¢? # 0 on (0, 00), which will not give us
any contradiction so far. Hence we guess it is likely to find some p (t) and ¢ (t) on (0,00) so that ¢
and t? are solutions to (59) on (0, c0).

If we want ¢ and t? to be solutions of (59) on t € (0,00), we must require

{p<t>+q<t>t=o

242tp(t)+q ()2 =0, Vite(0,00),
which gives p (t) = —q(t)t for all ¢ € (0,00) and then

24 2tp(t)+qt) P =2+2t(—q()t) +q()t? =2—q)t* =0, VYVt (0,00),
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and we conclude ¢ (t) = 2/t* and p (t) = —2/t. Both p(t) and ¢ (t) are continuous on the interval
(0, 00) . Therefore, the equation

Y1) = 2 () + () =0, t€(0,00) (60)

has both ¢ and ¢? as solutions on the interval (0, c0). By Theorem 2.10, they form a fundamental
set of solutions on (0,00). The general solution of the ODE (60) is given by

y(t) =it +cot?, t€(0,00)
for arbitrary real constants ¢; and cs. ]
Remark 2.15 Note that (60) is an Euler equation on (0,00) with characteristic equation
r?—3r+2=0.
Example 2.16 Consider the equation
y"' =3y +2y=0.
We know that y, (t) = €' and y» (t) = €** are two solutions of it defined on t € (—oc0,0). By
W (y1,92) () =e* >0 forall t€ (—o0,00),

we know that they form a fundamental set of solutions and every solution y (t) of the equation
has the form
y(t) = cre' + coe®, t € (—00,00).

We also knew this fact before by decomposing the second order ODE into two first order
ODE.

Example 2.17 Consider the equation
V' +p®)y +qt)y=0, p(t), q(t) continuous on I

and fix some tg € 1. Let yy (t) be the solution satisfying

yi(to) =1, i (to) =0
and let ys (t) be the solution satisfying

Y2 (to) =0, w5 (to) = 1.
Then yy (t) and ys (t) form a fundamental set of solutions (since W (y1,y2) (to) =1 #0).
Example 2.18 Do Example 6 in p. 152.

In general, it is very difficult to solve an equation of the form " + p (t)y' + ¢ (t)y = 0 (or the
form P (t)y" () + Q )y (t) + R(t)y (t) = 0) for arbitrary continuous functions p (¢) and ¢ (t) on
1. However, there is a special case we can solve it, which is known as Euler equation.

2.1 The method of "reduction of order" (this is part of Section 3.4; see
p. 171).

Remark 2.19 (Be careful.) Throughout this section, we will focus on equation (61) below, which
has leading coefficient 1 for y" ().

15



2.1.1 Reduction method for homogeneous equations.

Consider the second order linear homogeneous equation

'O +p®y ) +qt)yt)=0, tel (61)

and assume that we already know one nonzero solution y; (t) defined on ¢ € I and assume
y1 (t) 0 on I (if y; (t9) = 0 at some ty € I, we focus on subinterval J C I such that y; (t) # 0 on
J). We can use the following "reduction method" to find another solution ys (t) .

Let

Yo (1) =v (t)yy (), tel.

The idea is to find suitable v (t) so that the above y, (t) will be a solution of (61) different from
y1 (t) . We substitute y, () into the equation to get

)+ () e (1)
=y (00 (1) + (20 (1) +p (0w (O] () + |9 () + P (D0 () +a (D) @] (1), |eoe] =0
=1 (10" (1) + 291 (1) + P ()32 (D] (1)
— (O (1) + 2oL () +p Oy O] w(B), where w(t):=v'(t), tel. (62)

We see that equation (62) is a first order linear homogeneous equation for w (t) and since
y1 (t) # 0 on I, any solution w (t) of (62) is defined on [ and if w(¢) = v/ (¢) is a nonzero so-
lution on I, then v (t) = [w (¢) dt will be a non-constant solution on I and ys () = v (¢) y; (¢)
will be a new solution of (61) different from w; (t) on I. After that, one can find a different
solution ys (t) . Finally we check the Wronskian W (yy,y2) (t) and if there is one point t5 € I such
that W (y1,y2) (to) # 0, then every solution y (¢) to the linear equation (61) is of the form

y(t) =cryr (t) + oy (1), ¢1, o are arbitrary constants.
Remark 2.20 (Be careful.) In case equation (61) has the form
POy ) +QM)y (&) +q®)y(t)=0, tel, P()#0onl, (63)

then you can either rewrite it as the form (61) and use the equation (62) for v (t) or you can
maintain the original equation (63) and now equation (62) becomes

P (t)yr (8) 0" () + 2P (8) 93 () + Q () ya (1)] " (£) = 0. (64)

You can use either way. However, I would suggest you to rewrite equation as the form (61)
first because when you solve the first order equation for w = v in (64), you still have to divide the
equation by P (t)y; (t) in order to find the integrating factor.

Example 2.21 Use method of reduction to find the general solution of
y'(t) + 4y (t) +4y (t) =0, € (—00,00).
Solution:

We first know that g () = e~ % is one solution. To find the second solution, let
2 (t) = v (t)e ™
and plug it into the equation to get y; (£) v" (t) + [2y] (t) +p (£) y1 (t)] V' (t) =0, i.e.
e 2" (t) = 0. (65)
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Thus
v(t) =at+b, a, barearbitrary const.

and ys (t) = (at + b) e~ %, which gives a new solution te~%. Therefore, the general solution is given
by (since e~ and te 2" have nonzero Wronskian)

y(t) =cre® +epte™, te€(—o00,00),
which is the same as before. O

Example 2.22 One can easily see that y; (t) = t is a solution of the following ODE on t €
(1,00). Use method of reduction to find the general solution of the equation

(t=1)y" () — 1y () +y(8) =0, L€ (1,00). (66)
Solution:

We first rewrite the equation as the form (61) (in order to have leading coefficient 1):

V() o O+ 7y () =0, t€ (100).

Let ya (t) = 1 (t) v (t) = tv (t) . We will have

() 0" (1) + (205 () +p @)y (D] V' (8) =0, i () = ¢,

which is 5
t
" (t 2 — () =
0+ (2- 755 ) v =o
ie.
/ 2 t !/
w' (t) + it w(t) =0, where w(t)=1v"(t)
We get
w (t) = cle*f(%’t%)dt, ¢y is arbitrary constant
2 t 2 1 t—1
J(G-its)a= [ (i) a5
and so

w(t) = cre! (t;l) . <%t—:—;) — ).

e
v(t) = cry + ¢y, 1, o are arbitrary constants,

Finally, we get

which gives

et
Yo (t) =tv =1t cl?+c2
= ¢’ (new solution) + ¢yt (old solution), ¢ € (1,00).
Therefore, the general solution of (66) is given by
y(t) =cit + cae’, te(1,00). (67)
The proof is done. [l
Remark 2.23 (Interesting observation.) By (67) we see that any solution of (66) is actually

defined for all t € (—o0,00), i.e. it can be defined acrosst = 1.
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2.1.2 Reduction method for nonhomogeneous equations.

Remark 2.24 (Be careful.) Throughout this section, we will focus on equation (68), which has
leading coefficient 1 for y" (t).

The reduction method can also be used to solve the nonhomogeneous equation

YO +p0y () +a@yt)=g@), tel (68)

Assume that y; () is a solution to the homogeneous equation y” (t)+p (t)y' (t)+q (t)y (t) = 0 on
I'and y; (t) #0on I. Let yo (t) = v (t) y1 (t) to get

v (00" (1) + 20 (8) + p (t) g1 (D] V' (t) = g () (compare with (62)), (69)

which is a first order linear ODE for w(t) := o' (t). By solving (69), one can get y» (t) and
Y (t), where y, (t) is a solution of y” (t)+py’ +qy = 0 and Y () is a solution of " +py’ +qy = g. Now
the general solution of (68) is given by (assume that y; (¢) and ys (t) have nonzero Wronskian)

y(t)=cy1 (1) + oy (t) +Y (), tel
Example 2.25 Use the above reduction method to solve the nonhomogeneous equation
Y () +4y (1) +4y (t) =¥, te(—00,00). (70)
Solution:
We know y; (t) = e~2 is one solution of y” (t) + 4y () + 4y (t) = 0. Let
Y2 (t) = v (t)e™
and plug it into the nonhomogeneous equation (70) to get
e 2" (t) = €* (compare with (65)).

We obtain

1
v(t) = %6‘% + 1t + ¢,

which gives
1 1
Yo (t) = (2—565t + ot + 02> o %e?ﬁ + (01t6_2t + 626_2t) )
Note that Y (t) = e is a particular solution of the nonhomogeneous equation (70) and v, (t) =

25
te~? is another solution of the corresponding homogeneous equation. Thus the general solution of

(70) is

1
y(t)=cryp (t) +coya (1) + Y (t) = cre 2 4 eote™? 4 %6%, t € (—o0,00)

for arbitrary constants ¢y, cs.

Remark 2.26 (Be careful ...) In case we know a particular solution Y (t) to the equation y” (t)+
POy (£)+q )y (t) =g (t) on I. Then if we try to use reduction method using the solution 'Y (t), it
will not work in general. To see this, let ys (t) = v (t) Y (t) and plug it into the nonhomogeneous
equation (68) to get (see (62) first)

Ys (1) + 0 () ys (1) +q (1) y2 (1)

=Y )" O+ RY' @) +p@)Y Ol () + Y () +pO)Y' O +q@OY @) v(t) (1)

Unfortunately for this situation, we are not able to solve v (t) in general, because it cannot be
reduced to a first order equation.
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2.2 Use Wronskian to solve a second order linear homogeneous equa-
tion (Wronskian method) (see p. 174, Exercise 32).

Remark 2.27 (Be careful.) Throughout this section, we will focus on equation (72), which has
leading coefficient 1 for y" (t).

Remark 2.28 Unlike the reduction method, the Wronskian method in this section is valid only
for homogeneous equation. The Wronskian method is as good as the reduction method.

Consider the second order linear homogeneous equation (note that the coefficient of y” (¢) is 1 in

(72))

') +p®)y ) +q)y)=0, tel (72)
and assume that we know one solution y; () of (72) on [ and it satisfies y; () # 0 everywhere
on /.

Let yo (t) be another new solution (y (¢) is not a multiple of y; (t)) of the above equation to be
solved. The Wronskian W (t) of y1 (t), yo (t) satisfies

W (t) = Ce” /P04 ¢ £ 0 (since ys, (t) is not a multiple of 1, (£) ). (73)
Therefore, we get
i () ys (1) = yi (D) g2 (1) = Ce PO C 20, tel (74)

This gives a first order linear equation for ys () and since we assume v, (t) # 0 on I, we can
solve y; (t) on the whole interval I (to see this, just divide the equation (74) by y; (¢) on I).

If we solve y, () on I from equation (74), then y, (¢) will be a solution of (72) on I. More
precisely, we have:

Lemma 2.29 (Wronskian method of solving ODE (72).) Let yy (t) be a solution of (72) on I
satisfying y1 (t) # 0 everywhere on I. Let C' # 0 be any given constant. If ys (t) is a solution of the
linear equation (74) on I, then it is also a solution of (72) on I. Moreover, ys (t) is not a constant
multiple of yy (t) on I and {y, (t), y2 ()} forms a fundamental set of solutions to the ODE
(72) on I.

Remark 2.30 By Lemma 2.29, one can obtain a new solution ys (t) different from yy (t) (by solving
the linear equation (74) on 1) and then obtain a fundamental set of solutions {y; (t), y2 (t)}.
Every solution y (t) on I is a linear combination of y; (t) and yz (t) on I.

Proof. We have
1 () s (8) = yh () o (t) = Ce IPOM - C b0, tel (75)

and by differentiation, we get
i (s (8) =y ()2 (1) = (=p (1) - Ce” PO v el
—~—

Since y; () is a solution of (72) on I, the above identity becomes

i () (8)+ |p (&) v (8) +q () v (8)| 9o (8) = (=p (1)) - Ce™ PO®

. J
-~

= (=p(®) - [yr () v () — w1 () w2 (1)],

which can be simplified as

v () [y: () +p By () +a (D)2 (t)] =0, Viel
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As we know that y; (t) # 0 for all t € I, we must have y5 (t) + p(t)ys (t) + ¢ (t)y2 (t) = 0 for
allt € I.

Finally, we see that y, (¢) is not a constant multiple of y; (¢) on I. If so, we will have y; (t) v5 (t) —
Yy (t) y2 (t) = 0 on I, which gives a contradiction due to C' # 0 in (75). Therefore, {y; (t), y2 ()} forms
a fundamental set of solutions to the ODE (72) on I. The proof is done. l

Remark 2.31 If the constant C' is 0 in equation (74), we will get ys (t) = Ay (t) for arbitrary
constant \, which is useless for us.

Remark 2.32 (Important.) Be careful that when you use the Wronskian method, make sure you
rewrite the equation into the form y" + p (t)y + q (t)y = 0 first.

Remark 2.33 (Important.) Note that the Wronskian method is valid only for homogeneous
equations. This is because the Abel’s formula (73) for W (t) is valid only for homogeneous equation
(see Theorem 2.4).

Example 2.34 (Example 3 in p. 172.) We shall use reduction method and Wronskian method
to solve the equation
2t%y" + 3ty —y =0, te€(0,00),

given that y (t) = 1/t is a solution of it, which is not equal to 0 on (0, 00).

Remark 2.35 This equation is, in fact, an Euler equation. So we know how to obtain its general
solution. However, here we want to use different methods and see how they work.

Solution:
1. Reduction method (rewriting equation to have leading coefficient 1 first):

We first rewrite the equation as

3 1
2y —y=0, te(0
v+ 5 — gy =0, te(0,00)

and let y (t) = v (t) ¢! and by the formula

B (00 (0)+ 20 (1) +p () (O] (1) =0, 32 (1) =+

we get

which gives

and then
Hence v (t) = 2Ct¥? + k and
12 -1
yt)=v(t)t " = got + kKt

Thus the general solutionis given by (+'/2 and ¢~! is a fundamental set of solutions on (0, c0))

Yy (t) = C1t1/2 + CQt_l.
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2. Wronskian method (rewriting equation to have leading coefficient 1 first):
We first rewrite the equation as

3 1
"4y — —y=0, te(0,00).
Vit 5y —5ay=0, te(0,00)

Let y; (t) =t~ and we want to find y, (¢) . By Abel’s Theorem, the Wronskian W (¢) of y; (¢) and
Y2 (t) is given by

W (t) =1 () () — y2 () 3y () = Ce™ PO = Cem T2 = 04732 O #0is a const..

Hence we get

1 / 1 —3/2
e (t) + Y2 (t) = Ct™/%,
ie.,
1
y; (t) + ;yQ (t) = Ct71/27 te (07 OO) :
We obtain

yo (t) = e~ J ¥t {/ (ef %dtCt’lﬂ) dt + C’] ., C is another const.

_ % <C/t1/2dt + C‘) = % (%Ct?’/? + é) B gCtW +Ct™, te(0,00).

Thus the general solution is given by
y(t)=Cit? + Cot™, t e (0,00).

We get the same result as in the reduction method. 0

Method of undetermined coefficients (this is Section 3.5 of the book).
See p. 182, Table 3.5.1.

Remark 2.36 For second order monhomogeneous linear equation with constant coefficients,
the "method of undetermined coefficients"” provides you a way to "guess the form" of a
particular solution when the nonhomogeneous term g (t) is given by (77) below. Then we plug in
the form into the equation to find a correct particular solution.

In this section, we consider a second order nonhomogeneous linear equation with constant
coefficients, given by

ay” (t) + by (t) +cy(t) =g (t), a, b, careconst., a#0, te (—o00,00), (76)

where ¢ (t) has one of the following forms (this is a necessary condition)
P, (t) ™, P, (t) e cos f3t, P, (t) e* sin 3t, (77)
and P, (t) = apt"+ait" '+ +a, 1t+a,, ag # 0, is a polynomial with degree n and )\, a, 3 € R,
> 0 (the case A = 0 and the case a = 0 are allowed). In case A = 0 and a = 0, P, (t) e* = P, (¢) is

just a polynomial in ¢ and P, (t) e* cos 8t becomes P, (t) cos 3t, etc.
We know that the general solution y (t) of (76) is given by

y () =y (t) +caya () + 9, (1), 1 € (—00,00), (78)
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where y, (t) is a particular solution of the nonhomogeneous equation (76) and y; (¢), y (f) are
solutions of ay” (t) + by’ (t) + cy (t) = 0, determined by the roots of the characteristic equation
ar? + br + ¢ = 0. Since we know how to find y; (¢), ys (¢), it suffices to find a particular solution

yp (t) of (76).

The "method of undetermined coefficients" says that we can try a particular solution
of the form given by Table 3.5.1 in p. 182 of the book and then plug in the form into the
nonhomogeneous equation (76) to determine the coefficients. After that, one can find a
particular solution y, (t) .

Remark 2.37 Explain Table 3.5.1 in p. 182 ....

Remark 2.38 (Important.) The function g (t) in equation (76) must have the form in (77); oth-
erwise, the "method of undetermined coefficients” does not work.

Motivation of the undetermined coefficients method.

We can use first order nonhomogeneous equation as a motivation to understand the undetermined

coefficients method for second order nonhomogeneous equation.

Motivation using the equation ' (t) — \y (t) = ape™, where )\, ag # 0, o are constants.
Consider the simple equation

v (t) — My (t) = ape™, ag, )\, « are constants, ag # 0. (79)

The characteristic equation of the homogeneous equation i’ (t)—Ay (t) = 0is r—A = 0, which
has root 7 = \ and so the general solution of 3/ (t) — Ay (t) = 0 is given by y (t) = Ce for arbitrary
constant C. To find the general solution of (79), it suffices to find a particular solution y, ().

Case 1: If & # X (i.e. ais not a root of the characteristic equation r — A = 0), then a function
of the form
yp (t) = Age™, A is a constant to be determined, (80)
~——

can be a particular solution of the ODE (79). If we plug in the above y, (t) into the equation (79),
we get
Yy, (£) = Myp () = Ao (ar — A) e = ape®,  where a — X # 0. (81)

Therefore, if choose Ay = ap/ (v — A) in (80), v, (t) will be a particular solution of the ODE (79).

Case 2: If a« = X (i.e. a is a root of the characteristic equation r — A = 0), then identity (81)
becomes 0 = age®, which is impossible to hold and the function (80) cannot be a particular
solution. Instead, if we try y, (¢) to have the form

Yy, (t) =t - Ape™, By is a constant to be determined, (82)

and plug in the above y, (¢) in (82) into the equation (79), we get
Yy, (1) = Ayp (t) = Age®™ +tAg (v — X) €' = Age™ = ape™, where o = \. (83)
Therefore, if choose Ay = ag in (82), y, (t) will be a particular solution of the ODE (79).

We can summarize the following;:
Lemma 2.39 Consider the first order nonhomogeneous linear equation
Y (t) — My (t) = Py (t)e™, X, a are constants, (84)
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where Py (t) is a nonzero polynomial with degree 0 (i.e. Py (t) = ag is a nonzero constant). Then
a particular solution y, (t) of the ODE (84) has the form

(t) _ QO (t) eat’ « 7é )‘7 (85)
S t-Qo(t)e, a=A,

where Qo (t) is also a nonzero polynomial with degree 0 (the same degree as Py (t)).

at

Motivation using the equation v’ (t) — Ay (t) = (ao + bot) e**, where A, ay, by # 0, « are

constants. We look at the equation
Y (1) — My () = (ao + bot)e™, ag, by, A, a are constants, by # 0. (86)
Case 1: If @ # )\ (i.e. o is not a root of the characteristic equation r — A = 0), we first try
yp (t) = (Ag + Bot) e**  for some constants Ay, By, (87)
and see if it works. Plug it into equation (86) to get
Yy, (£) — Ayp (t) = Boe®™ + (Ao + Bot) e — X (Ag + Bot) e = (ag + bot) e,

which is same as

By + (o — ) (Ao + Bot) = ap + bot, where a — X # 0. (88)

and if we choose Ay, By satisfying

B()‘I—(OZ—)\)A():CL(),
(a—)\)BOZbO, OJ—A#O,

ie.
Qo bo b()
Ay = - By = —> A 89
0 a—\ (a_)\)ga 0 a—_\ 0[7& > ( )

then y, (¢) in (87) will be a particular solution of the ODE (86).

Remark 2.40 In case we have ay = 0, i.e. equation with the form
Y (t) = Ay (t) = bote™,

we still need to choose y, (t) = (Ao + Bot) ™ to obtain the correct particular solution. In such a

case, we have
bO bO +
)= | — t]e™.

Case 2: If = \ (i.e. «is a root of the characteristic equation »r — A = 0), then the identity
(88) becomes By = ag + bot, which is impossible to hold. Therefore you need to modify your
choice of y, () in (87). A natural further choice is (increase the order of the coefficient polynomial):

yp () = (AO + Byt + C’Otz) e for some constants Ay, By, Cj.

However, note that Ape® is a solution of the homogeneous equation ¥’ (t) — Ay (t) = 0 (note that

now « = \), there is no need to include it. Hence we choose

yp (t) = (Bot + Cot®) e =t (By + Cot) e
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and for consistency of notations, we write it as
yp (t) =t - (Ag + Bot) e* for some constants Ay, By. (90)
If we plug the above y, (¢) into (86), we get
Yy, (t) — Ayp (t) = (Ao + Bot) e + tBoe™ = (ag 4 bot) e, where « =\

and conclude b
Ao = Qo, BO = EO

Thus when o = A, the function

b
yp (1) =t- (ao + 5075) e, te(—o0,00)

will be a particular solution of the equation (86).
Again, we can summarize the following:

Lemma 2.41 (Motivation of the undetermined coefficients method via first-order equa-
tion.) Consider the first order nonhomogeneous linear equation ODE

Y (t) — My (t) = P (t)e™, X, a are constants, (91)

where Py (t) is a nonzero polynomial with degree 1 (i.e. Py (t) = ag+bot, by # 0). Then a particular
solution y, (t) of the ODE (84) has the form

Qi(t)e™, a#,
yp(t):{ <)

(92)
t-Q1(t)e™, a=M\,
where Q1 (t) is also a nonzero polynomial with degree 1 (the same degree as Pj (t)).

From Lemma 7?7, you can understand the undetermined coefficients method in Table 3.5.1 in p.
182 of the book.

Remark 2.42 State the rule in Table 3.5.1 in p. 182 of the textbook here again.
Explain the following examples ....

Example 2.43 y" + 3y = 4e™™, y, (1) = 2"

Example 2.44 y" — 3y — 4y =2¢7", y, (t) = —3te "

Example 2.45 y” + 2y = sin3t, 1y, (t) = —Isin3t (since there is no first order term y', the
solution y, (t) is also of the form sin3t).

Example 2.46 y" + 9y =sin3t, vy, (t) = —%t cos 3t.

N

Example 2.47 y' — 3y =2, y, (t) = -3t — 2.
Example 2.48 3" — 3y =t + 12, y,(t) =t (_th — 5t — i) .

Example 2.49 Do Example 3 in p. 179.
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Example 2.50 Find general solution of the equation
y' + 2y +y=te "
Solution:
By the rule for y, (t), it has the form
yp (t) = t° (At + B) e " = (At> + Bt*) ™", where s = 2.
Plugging it into equation to get
[(6At +2B) e — 2 (3At* + 2Bt)e~" + (At® + Bt?) e B
{ +2[(3At* + 2Bt)e™" — (At® + Bt*) e7 '] + (At® + Bt*) e -
Hence, after simplification, we need to solve 6 At + 2B = t, which gives

1
A=—-  B=0.
67

1

Thus y, (t) = 67536*1t is a particular solution of the equation. The general solution is

1
y(t) =cre™" + cote™ + at?’e_t, t € (—00,00).

Remark 2.51 If an equation has the form

ay" + by +ey=[f(t)+g(t),

(93)

where f(t) and g (t) both have the form in the above case 1 or case 2 (say f(t) = t?¢® and
g(t) = (83 +2t> — 6t —5) et cosTt), then use the undetermined coefficients to find y, (t) for the

equation
ay’ +by' +cy = f(t)

and then use the same method to find g, (t) for the equation
ay” +by +cy=g(t).
Then the general solution of (93) is given by

z(t) =y, () + Gy (1) + cry1 (1) + 292 (),

where c1xy (t) + coxo (t) is the general solution of the corresponding homogeneous equation.

Example 2.52 Find the correct form of a particular solution of the equation
y" — 4y + 4y = 3t?e* 4 2tsint — 8e' cos 2t.
Solution:

The correct form is

2
~~ N~

yp (t) = t* (At> + Bt + C) e* + (Dt + E) cost + (Ft + G)sint + Ke' cos 2t + Le' sin 2¢,

where A, ..., L are constant coeflicients to be determined.
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Example 2.53 (This is Exercise 30 in p. 185 with one extra term.) Find the general
solution of the equation

N
Y+ Ny = Z (am sin mnt + by, cosmmt) t € (—o0,00), (94)

m=1

where A > 0 and A # mm form =1, 2, ..., N.

Remark 2.54 Note that for each fixed m, the particular solution y,, (t) for a,sinmnt and the
particular solution @, (t) for b, cosmnt have the same form. Therefore, a,,sinmmt + b, cos mmt
can be viewed as just one nonhomogeneous function.

Solution:

The two roots of the characteristic polynomial r? + A\ = 0 are r = £\i, where \ # mn for
any m = 1, ..., N. Hence for each fixed m = 1, ..., N, according to the method, we can try a
particular solution y,, (t) of the form

Ym (t) = A, sinmmt + By, cos mmt, (95)

which is for the equation
Y + N2y = a,, sinmmt + b, cos mnt. (96)

We plug the above y,, (t) into equation (96) to get
()\2 — m27r2) A, sinmnt + ()\2 — m27r2) B,, cosmnt = a,, sin mnt + b,, cos mmt
and obtain ;
Y S —
\2 — m2n2 N2 — m2n2

Hence, the general solution of the equation is given by (add all y,, (t) together):

A, = m=1, ..., N.

N
. G ) b
y (t) = ¢y 8in At + ¢y cos A\t + mE—1 (/\2——77127r2) sin mmt + (m) cos mmt.

The proof is done. 0

Variation of parameters method (this is Section 3.6 of the book) for
nonhomogeneous linear equations with variable coefficients.

Remark 2.55 (Be careful.) Throughout this section, we will focus on equation (97), which has
leading coefficient 1 for y” (t) .

In this section we focus on a nonhomogeneous linear equation with variable coefficients
(which has leading coefficient 1), given by

Y )y +qt)y=g(t), tel, (97)

where p(t), q(t), g(t) are given continuous function on some interval I C R and here the function
g (1) can be an arbitrary.

Assume we are given a fundamental set of solutions y; (t) and y, (¢) for the corresponding
homogeneous equation y” + p (t)y' + g (t) y = 0 on I. To solve (97), we try a solution of the form:

yO) =u Oy (t) +ua (W) y2 (), tel (98)

and look for suitable u; (t) and us (t) . We will solve a first-order system of ODE for u; (¢) and
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Remark 2.56 (Useful observation.) One can view (98) as a generalization of the reduction
method because if we only try y (t) = uy (t) y1 (t), it is exactly the reduction method.

Remark 2.57 If an equation has the form
Pt)y" ) +QM)y () +R(M)yt)=G(t), tel, P(t)#0onl, (99)
then you should divide the whole equation by P (t) first and then apply the method below.

We need to impose suitable conditions on w; (t) and us (t) so that the above y (¢) is a solution
of (97). We first note that

Y (t) = [w () 3 (D) + us (1) y2 (8)] + [ur (1) 91 (F) + ua () 5 (¢)]

>

and impose the first condition

up )y () +uy )y (t) =0, tel (100)

Remark 2.58 If we impose the condition on the term wuy (t) y; (t) + ug () yb (), then in y" (t) we
will encounter vy (t) and uy (t). With this, the method will not work at all.

Then, under the assumption of (100), ' (t) becomes

y () =ur () gy (1) +ua ()1 (1), tel

and so
y' () =[ur )y () +uy () g (O] + [ (91 () +u2 W)y )], te€L

-~

Then we impose the second condition as

uy (1) yy () +us (1) yo (1) = g () - (101)

(.

Under the assumption of (100) and (101), we conclude

{ y' () =i () y1 () +ua (8) y3 (1),
(102)
y' () =g () +ur (t)yi (t) +ua2 (t) ys (1),

and so

y' () +p )y () +qt)y (1)
= [g () +ur (t) yy (t) +ua (t) yy (8)] +p (t) [ur () yy () +ue (£) ya ()] 4 q (£) [ur (8) y2 () + ug () ya ()]

=g(t)+ui (t) |y () +p)yi (1) +q(H) (t)l +us (1) {yé’ (1) +p () ys () +q(t)y2 (t)

J
-

which says that y () is indeed a solution of the nonhomogeneous equation (97).
It remains to claim that (100) and (101) can be satisfied. For this purpose, we need to solve the
following first-order system of ODE for u, (t) and us () :

{ uy () yr (t) +uy (t)y2 (t) =0
uy (1) vy (8) +uy (8) ys (1) = g (1)

—_~

(103)
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and get

‘0 ya (1 ‘ ‘yl(w 0 ‘
P E 1O G RO VIO NP U O IO R TG0
' ’ v () ya (1) ‘ w7 ' v () ya (1) ‘ )

n () ys (1) v () ys (1)

where W (t) = W (y1,y2) (t) is the Wronskian of y, (t) and y, (¢) on I.
The above gives
CfwWe®, o [me),
uy (t) = / W dt + c1, 2 (1) / 0 dt + ¢, (104)

and the general solution of (97) is given by (98), i.e.

y(t) = <— / —yQé;) é)(”qu) yi (1) + ( / —ylv(;) é)(t>dt+02) va (t)

= C11 (t) + C2Y2 (t> + Yp (t) )

) == ([ 2 ar) o+ ([ 2909800 o) (105)

-~

where

is a particular solution of (97). The above method is called "variation of parameters" method.
It is a powerful method.

Remark 2.59 (Important.) If the equation (97) has initial conditions y (to) = yo, ¥ (to) =
20, to € I, then there are two ways to find the unique solution y(t). (1). If you know y, (t)
explicitly, use the formula y (t) = c1y1 (1) +caya (1) +y, (t) to find c1, c2. (2). If you do not know
yp (t) explicitly, you can use definite integrals to write the general solution y (t) as

cy () + caya (t)

O (e ([ ] e

0

and then require ¢y, co to satisfy the following
c1yr (to) + caya (to) = Yo
{ c1yy (to) + 29 (to) = 2o.
This is due to the fact that the particular solution

yp (1) = — (/tt —yQé;)(gS;S)ds) v (1) + (/tt —ylés/)(gs)(s)ds) w(t), tel (107)

0 0
satisfies
y (to) =y (to) = 0. (108)
To see this, we clearly have y, (to) = 0. As fory, (to) = 0, we note that
to) g (to) y1 (to) g (to)
) = — (29U 0y )+ (LI o) =0, (109
oy o) = = (L G2 )o ) +0- 51 )+ (™)) 404 10} =0 (109
One can also write y, (t) in (107) as
o (1) = /t Y1 (s) vz (t) — y1 (£) y2 ()
’ to Y1(8) 2 (8) = 1 (5) a2 (
The above formula appears in p. 191 of the textbook.

g(s)ds, tel. (110)

Vo)
~—
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Example 2.60 (This is Example 1 in p. 186.) Solve the equation
y"(t)+4y (t) =3csct, 0<t<m, csct=——. (111)

Solution:

We choose y; (t) = cos2t, y, (t) = sin2t, and get their Wronskian W (t) = 2. By (105), we have

in2t-3csct 2t - 3csct
yp (t) = — (/ uda cos 2t + (/ wdﬁ sin 2t,

in2t-3 t 2sintcost - 3-L
—/wcxt:—/ 5 S‘ntdt:—?)/costdt:—?)sint

where

and

/cos2t-2?>csctdt _ / (1 — ZSin;t) '3F1”dt

3 3
= E/csctdt—?)/sintdt: §log|csct—cott|+?>cost.

Therefore, the general solution is

y (t) = 1 cos 2t + co8in 2t + y,, (1)
{ c1 cos 2t + co sin 2t

—3sint - cos 2t + (% log |csct — cot t| + 3cost) sin2t, te (0,7),

where ¢, co are arbitrary constants. O

Example 2.61 (This is Exercise 5 in p. 190.) Solve the equation
y" (t) + y (t) = 2tant, —g <t< g (112)
Remark 2.62 Note that one cannot use the undetermined coefficients method to solve (112).

Solution:

Since we know two independent solutions y; () = cost and y, (t) = sint of ¥” (t) +y (t) = 0, we
can use variation of parameters method. We first compute

W (t) =W (y1,y2) (t) =

cost sint
—sint cost

and by (105) we know that the general solution of (112) is given by

y(t) =crcost+ cosint + (—/%@;antdt) y1 (t) + </ %dt) Y2 (1),

where

y2 (t) - 2tant
o A o

1 — cos®t
:—2/sint-tantdt:—2/wdt:—2/sectdt—|—2/costdt

COS
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and

t)-2tant
/W_andt: 2/cost-ta,ntdt= 2/sintdt.
W)

The general solution is

y(t) = cicost + cosint + (—Q/Sectdt + 2/costdt> cost + (Q/Sintdt) sint

= cjcost + cysint + (—2 / sec tdt) cost
= cycost+ cosint + (—2log [sect + tant|) cost,
where c;, co are arbitrary constants.

Example 2.63 (This is Exercise 10 in p. 190.) Solve the equation

et

T t € (—00,00).

y' () =2y (1) +y(t) =

Solution:

Since we know two independent solutions y; (t) = €' and y, (t) = te' of y” (t) — 2y’ (t) +y (¢)

we can use variation of parameters method. We first compute

et tet

W (t) =W (y1,v2) (t) = et et + tet

tet. et.i
:(/ 1+t2dt—|—c>et—|—(/ ;:“t2dt+cz>tet
e
t 1
dt t te!
(/1—|—t2 —|—01>e—|—( 1T )e
~log (1

- (__ +%) + cl) e+ (tan"t + o) te',

which is the general solution.

2t

and so

M

Example 2.64 Find the general solution of the equation

ty” (t) = (L+ 1)y (t) +y (t) =¥, t€(0,00),

(113)

=0,

(114)

gwen that y; (t) = 1+t and ys (t) = €' is a pair of fundamental set of solutions for the

corresponding homogeneous equation.

Solution:

To apply the variation of parameters method, we need to rewrite the equation to have

leading coefficient of y” (t) equal to 1. We have

v (1) - (ﬂ) V() + Iy =t te (0,00,

t t

and obtain g (t) = te*. By the variation of parameters method, we have

([ »O)g(t) y1 (1) g (1) .
(1) = < W (y1,92) (t) dt) v (6) + < W (y1,92) (t)dt> Y2 (1), te(0,00),
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where
1+t €

W (y1,99) () = ‘ 1 .| =te.

e

up (1) = (—/et ;f%dt) (1+1) + (/ Wcﬁ) ¢
- (_/e%dt) (1+1¢)+ (/(1 + 1) etdt) e!

= (_%e%) (141)+ (te') ' = ! (t—1)€*.

Hence

2

and conclude the general solution for equation (114):

1
y(t):Ol(l+t)+02€t+§(t—1)€2t, t e (0,00).

An interesting equation from "mechanics of vibrations".

Consider the equation
v ' (t)+y(t)=g(t), ¢g(t) is continuous on [

with initial condition
y(to) =yo, Y (to) =20, to€l.

This equation appears frequently in mechanics of vibrations (spring vibrations without
friction, with or without outer force). If we choose y; (t) = cost, ys(t) = sint, then we
have W (t) = W (y1,92) (t) = 1 and by Remark 2.59 the particular solution y, (t) (it satisfies

Yp (to) = ¥, (to) = 0) in (107) is given by

0 0
t

—  (cost) / o (s) sinsds + (sint) / g (5) cos sds

to to
t

t
:/g(s)(sintcoss—costsins)ds:/g(s)sin(t—s)ds, tel. (115)

to J to P
~

The general solution of the homogeneous equation y” (t)+y () = 0 satisfying the initial condition y (t9) =
Yo, Y (to) = 20, is given by

cyr (t) + caya (t) = cpcost + cosint, t el
and we need to find ¢, ¢y satisfying

{ ¢1 costy + cosinty = yo

—cysinty + ¢y costy = zg,

which gives
c1 = Yopcosty — zpsinty, co = Ypsinty + 2o costy,
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and then

ey (t) + caya ()
= (yo costy — zgsinty) cost + (yosinty + 2o costy) sint
= yocos (t —to) + zosin (t — 1) . (116)

Therefore the solution satisfying the initial condition is given by the nice solution formula:

y(t):yocos(t—to)+zgsin(t—to)+/g(s)sin(t—s)ds, tel. (117)

~~ to
A 7
~

Now assume that I = (—00,00) and ¢ () is a 2r-periodic function defined on (—oo, 00) (g (%)
usually comes from the external force acting on the mechanical system, say string vibration).
The particular solution y, (t) in (115) may not be 27-periodic in general (but the homo-
geneous part yo cos (t — tg) + 2z sin (¢ — tg) is clearly 2m-periodic). Note that we have

Yp (t+ 2m) — Yp (t)

:/H%g(s)sin(t—i-%r—s)ds—/tg(s)sin(t—s)ds:/tHﬂg(s)sin(t—s)ds

to to t

t+2m t+2m
= —(cost) / g (s)sin sds + (sint) / g (s) cos sds
¢ ¢

[\ [\ J/
-~ -~

27 2T
= —(cost) / g (s)sin sds + (sint) / g (s) cos sds
0 0

- <(—cost,sint), ( /O " g (s) sin sds, /0 " () Cossds>>

and so we have y, (t +27) = y, (¢) for all ¢ € (—o0,00) if and only if the 27-periodic function
g (s) satisfies

2m 2m
/ g (s)sinsds = / g (s) cossds = 0. (118)
0 0
1

If we take g (t) = cost ((118) is not satisfied), then one can check that y, (t) = 5tsint is a particular
solution (with y, (0) = y;, (0) = 0) of the equation

y" (t) +y (t) = cost,
but it is not 27-periodic even if g (t) = cost is 2m-periodic. In fact, one can see that y, (t) in (115)
is 2m-periodic if and only if ¢ (¢) is 27-periodic and satisfies (118), for example, say g (t) = cos 2t.
Nonhomogeneous Euler equation.

One can combine the variation of parameters method and change of variables to solve a nonho-
mogeneous Euler equation, given by

2y (t) +aty (t) +By () = f(t), t€(0,00), a, B constants, (119)

where f (t) can be any arbitrary continuous function defined on ¢t € (0,00). By the change of
variables © = logt, = € (—o00,00), the above equation becomes

@+(a_1)%+5g(g;):F(a:), z € (—00,00), (120)
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where 7 (x) = y (") and F (x) = f (e*). We can know a pair of fundamental set of solutions
{th (z), G2 (2)} for " (z) + (« — 1) ¥’ () + By () = 0 and then use the variation of parameters
method to find the general solution g (z) of (120) and then change back to get y (¢). It will be
the general solution of (119). On the other hand, if F'(z) in (120) has the forms appeared in the
undetermined coefficients method, then you can use that method to find the general solution
g (z) of (120).

Remark 2.65 In case the Euler equation has the form
At* () + Bty (1) +Cy (t) = f(t), te(0,00), A#0, B, C are constants,
then equation (120) becomes
d*y dy

A +(B=A) 2+ O (a) = F (). (121)

Summary of solution methods for second order linear equations.

Remark 2.66 Read the following summary by yourself.

This is a summary for solving a nonhomogeneous second order linear equation.
Case 1: ay” + by +cy =g(t), t € I, where a, b, ¢ are constants with a # 0 and ¢ () is a
continuous nonzero function on /.

In this case you can easily find two independent solutions y; (t) and ys (t) of ay” + by’ + cy = 0.
(1). In case g (t) is of the form P, (t) e, P, (t)e* cos8t, P, (t) e* sin ft, where P, () is a poly-

nomial with degree n and A\, «, f € R with 8 > 0, use the method of undetermined
coefficients (the easiest way).

(2). In case g (t) is not of the form in (1), first rewrite the equation as

b t
'+ oy + Sy = &, a#0. (122)
Qa Qa a

Then you can use decomposition method (if the characteristic polynomial ar? + br + ¢ =
0 has two real roots), or reduction method, or variation of parameters method (but
not Wronskian method since g (¢) is a nonzero function). Variation of parameters method
seems to be the best one because we know two independent solutions y; (t), 2 (t) of the
equation ay” + by’ + cy = 0.

Case 2: v +p(t)y +q(t)y=g(t), t € I, where p(t), ¢(t), g(t) are continuous functions
on /.

Remark 2.67 (Be careful.) Here the coefficient of y” (t) is 1. If the equation is of the form
PRy () +QMy O +R(H)y(t)=GCG(t), tel, P{)#0onl, (123)
then you should divide the whole equation by P (t) first and then apply the following summary.

Here we assume that we are given one nonzero solution y; () of the homogeneous
equation y" +p(t)y +q(t)y =0 on [.

(1). In case g (t) = 0 on I and we know one solution y; (f) of the homogeneous equation y” +
p(t)y +q(t)y = 0, use reduction method or Wronskian method.
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(2). In case g (t) is a nonzero function on /, use reduction method.

(3). In case g (t) is a nonzero functionon / and we know two independent solutions ¥ (t), yo (¢)
(fundamental set of solutions) of " +p(t)y + ¢ (t)y = 0 on I, use variation of para-
meters method.

(4). In case equation is of the form then

«
y//+ _y/+ 5

; t_Q?/ =g(t), te€(0,00), «, ( are const.,

then use "nonhomogeneous Euler equation" method (see Section 2.2) to solve it.

Chapter 4: Higher order linear equations.

Section 4.1: General theory of n-th order linear equations.
Consider the n-th order linear equation (with leading coefficient 1)
gy O Ao Oy O F - (DY () e Dy () =g (1), tel (124)

where p; (), ..., pn (t), g(t) are given and continuous on I. Since equation (124) is linear, by ODE
theory, any solution y (f) to equation (124) is defined on the whole interval I.
When the initial conditions

y(to) =vo, ¥ (to) =20, - y™ Y (t) =7 (125)

are given, we have the existence and uniqueness theorem (see Theorem 4.1.1 in p. 222 of the
book). Moreover, the unique solution y (¢) is defined on the whole interval ¢ € I.
We now state the following:

Lemma 2.68 (Abel’s formula for homogeneous equation.) Let y, (t), ..., y, (t) be solutions
of the homogeneous equation

v+ Oy () 4 P (Y () +pa () y (1) =0, teT (126)

Define its Wronskian W (y1, ..., yn) (t) as in the book (for simplicity, denote it as W (t)) (see p.
223 of the book). Then we have

W (t)=Ce Im®d e (127)
for some constant C. Therefore, either W (t) =0 or W (t) # 0 for allt € I.

Remark 2.69 (Important.) Be careful that the leading coefficient in equation (126) is 1 and also
that the equation is homogeneous.

Remark 2.70 If W (t) # 0 on I, {y1 (t), ..., yn (1)} is called a fundamental set of solutions
of equation (126) on I.

Proof. We have

hn Y2 Tt Yn
Y1 Yo o Uy
w=| " S T, el (128)
yinfl) yénfl) o y%nfl)
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Compute

aw
— (t) =det (M (t
W) = aet (a1 (1),
where M (t) is n X n matrix whose first n — 1 rows are unchanged (i.e. the same as the first n — 1
rows of (128)) and whose n-th row is (yyl) (t), .., i (t)) , where we know that

y (8 == [P O o O+ 4 pac (O 0+ pa ()1 (1)

and the same for yé") ), ., y,(ln) (). By the expansion property of determinant, we have

aw
dt
The proof is done. O

(t)=det (M (t)) =—p ()W (t), Vtel. (129)

Remark 2.71 To understand the identity (129), we can look at the case n = 3 and verify it. Note
that

AW d Y Y2 Y3
E(t) = y/ﬂ/ vy Y3 | (t)

viovs s

Y1 Y2 Ys
= Y Ya Ys (t).
—p1y{ — P2y — PsYi  —D1Ys — Dals — P3Y2  —P1Ys — P2ys — Py
We know that if we multiply the first row by ps (t) and add it onto the third row, the determinant

is unchanged. Similarly, if we multiply the second row by ps (t) and add it onto the third row, the
determinant is unchanged. By this, we have

AW n Yo Y3 Y Y2 Y3
—— )= w0 Ys ys |t)=-pi(t)| vy vy v [(E)=-—p1 ()W ()
dt . "o no_ " % 1" 1"

P11y P1Ys P1Ys Y1 Yz Y3

for allt € I. Hence (129) is verified.

The most important result for equation (124) is the following, which is similar to Theorem 2.10:

Theorem 2.72 (This is Theorem 4.1.2 in p. 223.) Let y1 (), ..., yo (t), t € I, be a set of
solutions of the following linear homogeneous equation
Yy @)+ )y () A A Pt ()Y () pa )y (1) =0, tel (130)

Then the family of solutions

y(t) = ey (8 + -+ ey (1), tET (131)
with arbitrary constants ¢y, ..., ¢,, will generate all possible solutions of (130) on I if and
only if

Wy, .y yn) (to) #0  for some to€ [ (132)
(hence W (y1, ... , yn) (t) #0 forallt € 1).

Remark 2.73 In the above theorem, we call
Yy (t) =% (t) + o Cpln (t) ) le I, (133)

where ¢1, ..., ¢, are arbitrary constants, the general solution of equation (130).
We call {y1 (t), ..., yo (t)} a fundamental set of solutions of the ODE (130) on I.
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Proof. The idea of proof is similar to the previous case for second order linear equations (we need
to use the existence and uniqueness property for equation (130) with initial conditions (125)).
We omit it. 0

Corollary 2.74 Let y; (t), ..., yn (t) be from the above theorem such that W (y1, ..., yn) (to) # 0
for some ty € 1. Also let y, (t) be a solution to the nonhomogeneous equation (124) on I. Then the
general solution of equation (124) is given by

yt)=cayp @)+ F+ey (t)+y,(t), tel (134)
for arbitrary constants cq, ..., c,.

Proof. We omit this. U

Section 4.2: Homogeneous equations with constant coefficients.

Remark 2.75 Just follow textbook for this section. See p. 229 for "real and unequal roots"” and p.
230-232 for "complex and repeated roots”.

In this section, we look at an n-th order linear homogeneous equation with constant coeffi-
cients, given by

L [y] = aoy(n) (t) + a'ly(n_l) (t) ot an—ly(l) (t) + any (t) = 07 Qo 7é 07 le (_007 OO) ) (135)

where ag, ..., a, are constants with ag # 0. similar to the previous situation, the polynomial
equation
P (1) =agr™ + a4+ ap_r +a, =0 (136)
is called the characteristic equation of the ODE. If we plug the function y (t) = €™ (r is a
number, which can be real or complex) into (135), we get
Lle"] =pn(r)e’ =0. (137)

Therefore, if 7 is a real root of the polynomial equation p,, (r) = 0, the function y () = €™ is a real
solution of (135).

To go further, we recall that there is a decomposition property for polynomials with real
coefficients, which says:

Lemma 2.76 Let p, (r) be a polynomial with degree n € N given by (136). Then it has a unique
(up to permutation of factors) decomposition of the form

Pn(r)=ag(r—=A)(r—>Xe) - (r—=>Apn)(r—=z1)(r—=2) - (r—z)(r— 2, (138)

where A1, ..., A\n are real numbers (may be repeated) and z; = o1 + i1 (f1 > 0), ..., z =
ax + 1B (Br > 0) are complex numbers (may be repeated). Without involving complex numbers,
we can also decompose p, (r) in real numbers as

pa (1) =ag (r— A1) (r—Xa)-(r — A) [r® = 20aq7 + (of + B7)] -+ [r* — 2aur + (af + B7)] . (139)

Let D be the differentiation operator with Dy = 3/ (t), D*y = y"(t), (D* — 4D + 5)y =
y" (t) — 4y’ (t) + 5y (t) , etc. We can express the equation (135) as

(agD" + ;D" ' + -+ an 1D+ a,) y =0
and for simplicity, also denote it as
pn(D)y =0, where p,(D)=ayD"+a;D" ' +---+a, 1D +a,.

For linear equation with constant coefficients, an important property is:
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Lemma 2.77 Let y(t) be any n-times differentiable function on I and
Pn (1) = ag (r — M) (1 = Xa) - (1 — Ap) [7"2 — 20047 + (a% + 5%)} [7"2 — 20,1 + (ai + 5,3)} . (140)
We have the identity on I :

pn(D)y

ag (D= M) (D= Xg) - (D= Ap) <D2 — 201D + (o] +512)) T
) N g g " (141)
- (D? = 204D + (a} + £2))

[ S/
-~

where the right hand side of (141) means we apply the operator [D? — 204D + (a2 + B%)] on y first
and then followed by the operator [D2 —2a,_1D + (042—1 + 6,%_1)] and repeat the same process until
we use up all the differentiation operator. Moreover, the identity (141) still holds if we change the
order of differentiation operators on the right hand side of (141).

Proof. One can use mathematical induction to prove Lemma 2.77. We omit it. 0]
Example 2.78 Let
ps(D) = D' +4D® + 10D + 12D + 9 = (D* + 2D + 3)".

We have
p4 (D) y — yl/ll + 4y/l/ _|_ 10y// + 12y/ + gy

On the other hand, we also have

[((D*+2D+3) (D*+2D+3)]y=[(D*+2D+3)] (v +2y + 3y)
=y +2¢+3y)" +2(" +2y +3y) +3 (" + 2y + 3y)

— (y///l + 2y/// + 3y”) _|_ 2 (ylll + 2y// + 3yl) + 3 (yl/ + 2y/ + 3y>

— yl/l/ +4y/l/ _'_ 1Oy// + 12yl + gy

The identity (141) is verified.

Lemma 2.79 Let r # 0 be a real number and m, n € N|J{0}. We have the following identities

(D —r)" (t7e") = Grbopmnert, <,

(D —7r)" (t"e™) = mle™, n=m,

(D =)™ (tme™) = (D =) [(D = )" (t"e™)] = (D —r) (mle™) =0, n=m+1>m.

(142)
In particular, we have
(D—r)"(t"e")=0 if me{0,1,2, -+, n—1}, neNl (143)
Therefore for n € N the ODE (D — )"y (t) = 0 has the following n solutions:
et tet, et et L t"le™,  t € (—o0,00). (144)

By Wronskian theory (you can check that their Wronskian W (t) # 0 on I). They form a funda-
mental set of solutions of the ODE (D —r)"y(t) =0 ont € (—o0,00).

Proof. This is a straightforward verification. Prove it by yourself. O

37



Remark 2.80 We check for the case n = 3 that the Wronskian of the solutions in (144) is indeed
nonzero. We have

ert tert t2€rt
W(t)=| re" e+ rte™ 2te™ + rt?e
rZe™ 2rett 4 r2te™ 2" + Arte™ + r2t2et
1 t 12
=et.eet | r 140t 2t + rt? ., r#0,

r2 2r 4+ 12t 24 drt + r32t?

and we can multiply the first row by —r and add onto the second row, and multiply the first row by
—r? and add onto the third row, to get

1 ¢ 12
Wt)y=e¥0 1 2t |, r#0.
0 2r 24+4rt

Finally we multiply the second row by —2r and add onto the third row, to get

.
[\

W (t) = e

o O =

t
1 2t | =2""#0, Vte (—00,00). (145)
0 2

To go on, we recall that for any constants A, B, a, § > 0, we have

(D2 —2aD + (a2 + 62)) (Aeat cos Bt + Be™ sinﬁt) =0, Vte(—o00,0). (146)

-~

Similar to Lemma 2.79, we have:

Lemma 2.81 Let a, € R with § > 0 and m € N. For any constants A, B, we have

J/

<D2 —2aD + (a2 + 52)) [tm . (Aeat cos 3t + Be“ sin ﬂt)]

-~

D2 [t™ - (Ae® cos Bt + Be® sin (5t)]
| —2aD [t™ - (Ae™ cos Bt + Betsin Bt)] + (a? + 52) [t™ - (Ae™ cos Bt + Be sin 3t)]
m(m —1)t™"2 - (Ae® cos Bt + Be® sin ft) + 2 [mt™ ! - D (Ae® cos St + Be® sin f5t)]
+t™ - D% (Ae™ cos St + Be™ sin f5t)

(

—2amt™ 1. (Ae™ cos Bt + Be®* sin Bt) — t™ - 2aD (Ae™ cos St + Be™ sin f5t)
| " (@ 4 57) (Ae® cos Bt + Be® sin ft),

where by (146) we have

t™ . D? (Ae™ cos 8t + Be* sin Bt) — t™ - 2aD (Ae™ cos St + Be™ sin f5t)
+t™ - (o + %) (Ae* cos 3t + Be* sin j3t)

=i (D2 —2aD + (a2 + 52)> (Aeat cos it + Be™ sinﬂt) =0, Vte(-o00,00).
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Hence we conclude

<D2 —2aD + (oz2 + 52)> [tm . (Aeat cos 3t + Be™ sin b’t)]

{ m(m —1)t"2 . (Ae* cos Bt + Be™ sin ft) + 2 [mt™ ™ - D (Ae™ cos St + Be® sin (t)]

—2amt™ 1 . (Ae® cos Bt + Be® sin (t)
= (Cltm_l + C’gtm_z) (Cge“t cos Bt 4+ Cye® sin ﬁt) , meN, te&(—o0,00),

where Cy, ..., Cy are constants depending on o, 3, m, A, B.
Proof. This is a straightforward verification. Prove it by yourself.
Corollary 2.82 In particular, for m =1 in Lemma 2.81, we have

(D2 —2aD + (a2 + BZ)> [t . (Aeat cos Bt + Be™ sin Bt)]

= (2D — 2a) (Ae™ cos Bt + Be™ sin ft)
= Cse cos Bt + Cye®sinBt, V t € (—oo,00)

for some constants Cs, Cy depending on o, 5, A, B. Finally, by (146) and (147), we have

2
(D2 —2aD + (a2 + 62)> [t (Aeat cos Bt + Be™ sin Bt)} =0, Vte (—00,00).

-

Therefore, the four functions
e cosBt, e“sinfBt, tecosfBt, te*sinft, te€ (—o0,00)

are solutions of the 4-th order ODE on (—00,0) :

(D2 —2aD + (o® +62))2y(t) =0, t€(—00,00).

N J/
-~

They form a fundamental set of solutions of the ODE ont € (—o0,00).
By (148) in Corollary 2.82, we have:

Lemma 2.83 Let a, € R with f > 0 and m € N. For any constants A, B, we have

m+1
<D2 —2aD + (oz2 + 52)> [tm . (Aeat cos 3t + Be® sin ﬁt)] = 0.

-

In particular, we also have

p

m+1
(D2 —2aD + (o® + ﬁ2)> (Ae™ cos Bt + Be“ sin ft) = 0,

-~

m—+1
(D2 —2aD + (® + 52)> [t - (Ae* cos Bt + Be* sin 5t)] = 0,

-~

m+1
(D2 —2aD + (o® + ﬁz)> [t - (Ae® cos Bt + Be® sin Ot)] = 0,

\ vV
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and the 2 (m + 1) functions
e cos Bt, e sin Bt, te™ cos Bt, te* sinfBt, - -+, t"e cos Bt, t"esinBt, t € (—o0,00)

are solutions of the ODE

m+1
(DQ —2aD + (a2+ﬁ2)> y=0, te€(—00,00).

g

They form a fundamental set of solutions of the ODE ont € (—00,0) .
With the help of Lemma 2.79 and Lemma 2.83, you can understand the examples in the textbook.

Example 2.84 Find the general solution of the equation (135) where n = 14 and the 14 roots of
the characteristic equation p, (r) =0 are given by

0,0, —4, 7, =5, —5, -5, —5 3+2i, 3+2i, 3+2i, 3— 2, 3—2, 3—2.
The answer is
1+ cot + cze™ 4 cie™ + (c5 + ct + crt? + cgtd) e
y(t) = { + (co + crot + c11t?) €3 cos 2t + (19 + ci3t + c14t?) €3 sin 2t,
where t € (—00,00) .
Example 2.85 (This is Example 3 in p. 232.) Consider the ODE
y" +2y" +y=0.

Its characteristic equation is p (r) = r* +2r% +1 = 0, which has four roots

Therefore, its general solution is given by
y (t) = ¢y cost + casint + cst cost + cqtsint, ¢ € (—o00,00).

Example 2.86 (This is Example 4 in p. 233.) Let p(r) = r* + 1. Then we can write it as
(completing the square)

2
p(ry=rt+2r+1-2r = (r* + 1)2 - <\/§r> ,
which gives the decomposition
p(r) = (7’2+\/§r+1> (7"2—\/57“4—1).

Hence the four different roots of the equation r* +1 =0 are

—V/2 +/2i V2 +V/2i
2 ’ 2

The general solution of the ODE y™ +y = 0 is given by
C’le(ﬁ/z)t cos (@) t+ C’ge(ﬁm)t sin <‘/7§> t

y () =
+C3€(7\/§/2)t cos (‘/75) t+ 046(*ﬂ/2)tsin (‘/75) t, te(—00,00).
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The above is the second part (Part II) of the notes

To be continued in the third part (Part III) on 2024-11-21
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